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EQUIVALENCE  OK  INFORM/iTIOK  PnTTEKNU 
AND  ESSENTIALLY  DETERMINATE  GAMES 


Norman  Dalkey 


nummary:  ^  Un  A  necessary  and  sufficient  condition 
is  derived  for  the  equivalence  of  information  patterns 
in  general  games.  Calling  a  general  game  essenti¬ 


al  Iv^eterminateif  it  has  an  equilibrium  point  in  pure 
strategies  for  every  possible  pay— off  function,  a 
necessary  and  sufficient  condition  for  essential  determin— 
ateness  is  derived  in  terries  of  the  information  pattern. 
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EQUIVALENCE  OF  INFORMATION  PATTERNS 
AND  ESSENTIALLY  DETEitMINATE  G/uVIES 


Norman  Dalkey 


Introduction 

In  the  first  sections  (1—5)  we  examine  the  equivalence 
of  games  in  extensive  form,  using  the  model  proposed  by  Kuhn 
(  1  ).  There  are  several  kinds  of  equivalence  that  might 

be  explored,  depending  in  part  on  what  one  considers  reasonable 
methods  of  play.  Ae  are  concerned  with  equivalence  with  respect 
to  mixed  strategies.  A  quite  different  notion  of  equivalence 
would  be  needed,  for  example,  if  the  play  were  limited  to  be¬ 
havior  strategies.’ 

The  notion  of  equivalence  we  evolve  is  only  distantly 
related  to  the  idea  of  strategic  e.quivalence  introduced  by  von 
Neumann  and  Morgenstern  •  (5  p  245~24^) They  are  concerned 
mainly  with  variations  in  the  payoff  function  which  leave  a 
solution  invariant;  we  shall  be  concerned  with  variations  in  the 

structure  of  a  game  in  extensive  form  which  leave  the  major 

% 

strategic  properties  of  the  game  invariant  irrespective  of  the 
pay-off  function^, 

A  complete  treatment  of  equivalence  under  variations  in 
the  structure  of  a  game  in  extensive  form  is  not  given,  but  only 
equivalence  under  variations  in  the  pattern  of  information. 
Roughly  speaking  two  information  patterns  for  the  same  player 
are  equivalent  if  they  differ  at  a  given  position  in  the  game 
only  in  the  knowledge  which  that  player  has  of  his  own  previous 
moves. 


’  *  cf .  Kuhn  ( 1 ) 

2  The  mode  of  approach  is  quite  similar  to  that  of  Krental, 
Quine,  McKinsey  (  2  ),  and  our  results  may  be  considered 

as  an  extension  to  treneral  games  of  their  results  for  two- 
person,  zero-sum  games. 
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In  the  later  sections,  these  results  are  applied  to 
furnish  a  necessary  and  sufficient  condition  for  a  general  g ame 
to  have  an  equilibriun  point  in  pure  strategies  independently  of 
the  particular  pay— off  function  or  of  the  particular  probability 
distributions  assigned  to  chance  moves.  .Ve  call  such  games 
essentially  determinate .  since  the  question  whether  or  not  they 
will  have  an  equilibrium  point  in  pure  strategies  i«  completely 
determined  by  the  information  pattern  alone. 

The  condition,  which  we  have  labelled  effectively  perfect 
information-,  is  that  at  anv  move  a  player  know  all  preceding  moves 
of  his  opoonents,  and  know  at  least  as  much  as  his  opponents  knew 
when  they  made  those  moves.  In  the  special  case  that  there  are  no 
chance  moves,  this  condition  is  simply  that  the  game  be  equivalent 
with  respect  to  information  to  a  game  of  perfect  information. ^ 

2.  Games  in  Extensive  Form 

We  shall  follow  rather  closely  the  definition  of  games  in 
extensive  form  given  by  Kuhn,  with  some  minor  notational  modifi¬ 
cations  . 

Definition  1.  A  general  n— person  game  p  in  extensive 

form  is  defined  by 

PI .  A  game  tree .  K»  which  is  an  ordered  set  of  positions 

[x.y.z...}  .  f  .  1 

P2.  An  inf  ormat  ion  pattern  where  each 

%  -  1  U,V,...}  partitions  a  subset  of  K. 
n-  An  n— component,  real  vector  function 

h  =  (h,(v/),  h2( w) ,  . . .  ,h^(w) )  defined  on  a  designated 
subset  V/  of  K. 

Zk-  A  set  function  p(V,Uj,  defined  on 
v'  -  i,2,...,m(U),  0  <  p(2/',U)  <  1. 

When  we  wish  to  indicate  the  dependency  of  f  on  these 

entitie8j  we_  shall  write*  _ _ _ 

^  von  Neumann  and  Morgenstern  first  proved  that  perfect  info^ 

mation  is  a  sufficient  condition  for  a  two— person  sero  sum  - •  . 
game  to  have  a  saddlepoint  in  pure  strategies  [(see  5*  Sec.  ifjl  . 
Kuhn  extended  this  result  to  equilibrium  pointe“Ih  piur**r 
strategies  for  general  games.  Shapley  (  4  )  gdve  a  necessary 
and  sufficient  condition  for  a  saddlepoint  in  pure  strategies 
for  a  restricted  class  of  two— person  zero  sum  games  which  is 
similar  to  the  condition  for  general  gnmes  we  p:ive  below. 
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r  =  r  (K/^jhjp)  . 

Rather  than  axioraatize  this  set  of  primitives,  we  shall 
follow  Kuhn  in  j^ivinf;  them  a  geometrical  interpretation. 

K  is  a  finite  tree,  embedded  in  an  oriented  Euclidean 
plane,  with  a  distinguished  vertex  U  .  The  set  V/  of  end 
points  of  K  are  called  plays .  the  remaining  vertices  moves. 

(We  shall  sometimes  call  both  plays  and  moves  by  the  common 
name  positions . )  The  unique  unicursal  path  leading  from  0  to 
a  play  w  will  also  be  called  a  play,  and  represented  by  w  . 

The  m  positions  lnunedlatel]f  succeeding  a  position  x  are 
indexed  by  positive  integers  ~3/ •  1,2,...,m  where  m  depends  on 
X.  x^  will  designate  the  -x^'th  position  immediately  following 
X.  m(x)  designates  the  total  number  of  possible  choices  (alternative:^ 
at  X.  The  rank  of  x  in  K,  i.e. ,  the  number  of  positions  which 
preceed  x,  v;ill  be  designated  by  r(x)  .  D(x)  (descendants  of  x) 
will  represent  the  set  of  all  positions  that  follow  x,  and  D(^,x) 
the  set  which  follow  by  the  •j/’th  alternative. 

The  information  pattern  first  partitions  the  moves  of 
K  into  n+1  exclusive  subsets,  and  then  further  subdivides  each 
of  these  subsets  into  information  set s .  V  U  =  are  those 

positions  where  player  i  "has  the  move".  P  »  (Po  i  Pi  »  •  •  •  i  Pjj} 
is  called  the  player  partition.  At  each  xt.Ut'U.^,  player  i  is 
informed  that  he  is  at  one  of  the  positions  in  U.  For  each 
information  set  U,  the  number  of  alternatives  is  the  same  for 
all  positions  in  U,  hence  we  cun  write  m(U),  the  total  number 
of  alternatives  available  at  any  position  in  U,  Information 
sets  are  further  restricted  by  the  rule  that  no  information  set 
intersects  the  same  play  more  than  once. 

The  set  ®Uo  is  reserved  for  the  "chance  player" ,  i.e. , 
every  x  £  Pq  is  a  chance  move.  We  allow  U  to  contain 

more  than  one  move;  this  furnishes  a  convenient  way  of  identify¬ 
ing  the  probability  distributions  at  different  chance  moves. 
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p(i/,U)  is  assi'r:ned  so  that  for  U^do»  p(^,U)  =  1  for 
every  v*  .  For  Ut*Ulo,  0  <  p(»>,U)  <  1,  / *  1.  Hence 

“  y  “1 

for  chance  moves,  p(v',U)  assigns  a  probability  distribution 
over  the  ra  possibilities.  we  set  p(v',x)  =  p(y,H),  x£U. 

h  is  the  pay-off  function.  To  each  play  w  it  assigns 
an  n— tuple  of  real  numbers  determining  how  much  each  player 
is  to  receive  at  that  point., 

We  shall  call  a  pair  {K,*^  a  game  structure .  and  correspond¬ 
ingly  {Kf\L)  will  be  called  the  structure  of  r(K,‘U,h,p).  will 

be  called  the  information  pattern  for  player  i. 

Definition  2.  A  pure  strategy  for  player  i  is  a  function 
n^(U)  which  maps  each  onto  a  positive  integer 

<  m(U).  (We  shall  sometimes  also  use  to  denote 

pure  strategies).  We  define  the  choice  at  a  position  x 
of  a  strategy  as  n^(x)  *  n^(U)  where  x£U, 

It  is  clear  that  a  game  structure  (K,®)!)  completely  • 
determines  the  set  of  all  possible  pure  strategies  (as  well 
as  mixed  and  behavior  strategies)  for  each  personal  player. 

Note  that  our  definition  specifies  strategies  for  the 
chance  player  as  well  as  for  the  personal  players.  A  chance 
strategy  corresponds  to  von  Neumann  and  Morgenstern ’ s 
’’umpire’s  choice.”  (  5  p.ii1>. 

Let  n  ■  (’To,”!  designate  an  n+1— tuple  of 

strategies,  one  for  each  player,  and  n  =  (tti 

an  n— tuple  of  strategies,  one  for  each  personal  player.  It  is 
clear  that  each  n  determines  a  unique  play  w  ,  which  we  will 
designate  by  w(n  ).  Let  n  (U)  -  nj^(U)  where  and 

is  contained  in  n  *  We  define  w(n  )  recursively. 

Definition  3.  w(n  )  is  the  set  of  positions  such  that 

1 .  Oe  w(tt^) 

**  4^  4^  4c 

2.  xt  w(n  )  implies  w(n  )  where  rr  (x)  *  ^ 


P“265 

-5- 


w(Tt=!')  is  the  final  member  of  w(n'^)  ,  In  case  x£w(n’''‘), 
is  said  to  realize  x.  More  generally,  if  n  is  an  rn-tuple 
of  strategies  m  <  n+1 ,  n  is  said  to  realize  x  if  there  is 
some  71=.''  containing  n*  and  x£w(ti=:‘). 

An  immediate  consequence  of  definition  3  is 
Lemma  1  :  w(7i=i‘)  =  w(/3=^)  if  and  only  if  for  every  x£w(t[='.=  ), 

7x=^(x)  =/®=!‘(x),  or,  equivalently,  if  and  only  if  for  every  U 


that  intersects  w(n=.''),  ti-'(U)  =^=!-'(U), 

Let  designate  the  n-tuple  which  results  when 

is  substituted  for  in  7i=r;  i.e.,  if  ti=!=  »  •  •  •  •  » •  •  • 

then  71=:*//^  =  (tiq  » •  •  • » >  *  •  •  *  • 

Theorem  1  ;  w(7i=i=//>^  )  =  w(7i=i'/'7^)  implies 


w(7i=:f)  *  =  w(7i=:<//'?^/^ ) 

Proof;  If  no  intersects  w(7x=!'/^^)  ,  then  by  definition 

3  is  independent  of  and  hence  w(7t>!=)  is  independ¬ 

ent  of  71^;  thus  w(7t=^/^^)  =  w(rv=J').  Similarly  w(7t=i'/^)  =  w(7i=i‘/'7^//^ ) 
If  intersects  w(7i=i'/<<>^)  ,  then  by  hypothesis  and  lemma  1, 

-  Ti=i'/r.(U),  i.e.,  71  (U)  =  /®.(U),  If  no  V£^.  intersects 

w  i  i.  -“J 

w(7i7^.),  then  w(7x=i=/<f". )  is  independent  of  .  If  inter- 

sects  wlTt^/'T^),  then  n=i‘//°.{V)  =  T:*/'Tj(V),  i.e.,  ■^j(V)  ='T\(V). 
Since  for  k  +  i,  k4j,  Ti=i‘(U)  *=  (U)  ,  the 

equalities  follow  by  lemma  I. 

Theorem  1  plays  no  role  in  the  subsequent  development.  How¬ 
ever,  it  illustrates  a  form  of  structural  relationship  among 
plays  and  strategies  which  is  lost  by  a  transformation  to  the 
normal  form  of  a  game,  * 


In  the  sa-ne  way  that  an  n+l-tuale  of  strategies  delines  a 
single  play,  an  n-tuple  of  strategies  n  defines  a  subtree  K{^)» 
where  each  branch  noint  is  a  cViance  move.  The  end  points  of  K(k) 
are  designated  by  W(n)  =  £w!  there  is  a  Uq  such  that  w  =  w{nQ,n)^ 

Lemma  2 .  W(n)  =  W(^)  if  and  only  if  w(t:q,7i)  =  w(no,/=')  for 
every  Uq  , 

Proof :  Sufficiency  is  immediate.  Necessity:  Assume  W(ti)  = 

'.V(^)  but  for  some  no,  w(  tiq  ,n) w(  Uq  , /^  )  .  Then  there  is  some 
'"Z  0  such  that  w(no,n)  =  w('/  o*/*"")*  then  by  lemma  1,  for  every 

Uf^^io  that  intersects  w('’|  o  ,/^  )  ,  every  other 

U  that  intersects  n(U)  =  /^(U).  VZhence  w(nQ,n)  = 

w(no,^),  a  contradiction. 

Definition  4.  Let  designs the  subplay  extending  from 

0  to  X,  then  for  x  /  0,p(x)  =  TT  P(-3'»y)  >  p(0)  =  1, 

Definition  5.  The  expected  pay-off  f’(n)  for  an  n-tuple  of 
pure  strategies  n  is  defined  as 


H(n)  =  y  p(v/)h{w) 
w£  .Z  { Tt ) 

In  case  v/  contains  no  chance  moves,  p{w)  =  1;  otherwise 

p(w)  is  the  oroduct  of  the  probabilities  of  those  alternatives  at 

chance  moves  in  w  which  lead  to  further  members  of  w.  Note  that 

p(w')  depends  only  on  pl-r^jU)  and  is  independent  of  the  strat- 

0 

egies  of  oersonal  players;  however,  the  relation  holds 
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3 .  The  Reduced  Normal  Form  of  a  lame 

A  list  of  pure  strategies  for  each  personal  player  of  and 
a  specification  of  the  expected  pay-off  H(r.)  for  each  n-tuple 
of  pure  strateffiies  is  called  by  von  Neumann  and  Mor'^enst ern  the 
normal  form  of  P.  '-Vhen  H(n)  is  expressed  in  matrix  notation 
as  an  n-dimensional  array  it  is  called  the  pay-off  matrix  of  1  • 

In  the  transformation  of  frames  from  extensive  to  normal  form 
a  certain  ki-nd  of  redundancy  often  appears,  namely  duplications 
in  the  pay-off  matrix  of  rows  or  columns  ("hyper-rows"  in  the  case 
of  n-person  g-ames.)  ie  shall  sl-iow  below  that  this  redundancy  is 
generally  the  result  of  superfluous  irJ'ormation  on  the  part  of  one 
or  more  players.  It  is  clear  that  a  player  loses  no  strategic 
advantages  if  duplications  are  deleted.  This  motivates  the  defin¬ 
ition  of  a  reduced  normal  form  of  a  game.  .v'e  first  make  precise 
the  notion  of  duplication  by  defining  an  eouivalence  relation  for 
strategies. 

Definition  6.  - /^i  only  if  H(n)  =  H(n//3^)  for 

every  n  containing  n^. 

Lemma  3 «  =  is  an  equivalence  relation  (transitive,  sym¬ 

metrical  and  reflexive)  . 

Proof:  Immediate  from  the  definition. 

Let  3^,  called  an  equivalence  strategy, desi gnate  an  equiv¬ 
alence  class  of  pure  strategies  for  players  i,  and  tlie  set 

of  all  such  equivalence  classes.  The  cartesian  product  3  “ 

5 jX .  .XS^  denotes  the  set  of  all  n— tuples  of  eouivalence  strategies. 
Let  3  =  (s,  ,3^  ,  .  .  .  denote  a  member  of  S,  Let  H{s)  *  li(n) 


where  n£s 
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Definition  7»  The  redu ced  normal  form  of  a  E;aine  1  is  a  list 
of  eoui valence  stratef^ies  for  each  personal  player  i,  and  a 
function  H(s)  assiF.nini';  an  n-tu  pie  of  real  numbers  to  each  n-tuple 
of  eouivalence  stratej^ies. 

H(s),  when  expressed  as  an  n-dimensional  array,  corresponds 
to  a  pay-off  matrix  where  reoititions  of  hyper-rows  have  been 
deleted, 

/f  •  Equivalence  of  G.ames 

Under  the  presumotion  thiat  mixed  stratef;ies  are  to  be  allowed, 
all  strat e,=;ical  considerations  with  respect  to  a  game  T  are  summed 
UD  in  the  reduced  normal  form.  This  leads  us  to  consider  two  dif¬ 
ferent  games  as  being  ecuivalent  if  their  reduced  normal  form,  s  are 
identical  except  for  possible  permutations  of  the  lists  of  strategies, 

“1  I*"* 

Definition  S  ♦  1  is  enuivalent  to  |  *  —  in  symbols,  I  s  | 

if  and  only  if  there  is  a  one-one  correspondence  between  and 
for  each  i^o,  such  that  under  this  correspondence  M(s)  = 

Lemma  4.  £  is  an  equivalence  relation  for  games. 

Proof :  Immediate  from  the  definition  (since  the  one-one  cor¬ 

respondences  and  equality  of  pay-off  are  eouivalence  relations). 

5 .  Equivalence  of  Information  Patterns 

Definitions6  and  8  characterize  a  kind  of  eouivalence  which 
is  not  very  profound  in  the  sens*  that  it  depends  on  the  pay-off 
functions  and  the  particular  orobability  distributions  at  chance 
moves,  A  more  revealing  analysis  is  afforded  if  we  deal  with 
eouivalences  (to  be  cal  led  essential  eouivalences)  that  hold  ir- 
resoective  of  the  pay-off  and  probabilities  at  chance  moves. 
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Consider  two  p.ame  structures  (K  ,‘''U)  ,  (K’.'U’)  where  K  =  K' 
and  ^0  = 'Uo  ’  o  For  convenience,  we  shall  say  that  p  is  identical 
with  p'  when  p(a^,Vi)  =  for  every  Ut^ .  This  identifi¬ 

cation  seems  reasonable  in  lif^t  of  the  fact  that  for  any  U 
pl-su/jU)  =  1  for  every  ,  With  this  convention  in  mind,  we  define. 
Definition  9.  Let  (K^),  (K’^’)  be  two  game  structures 
where  K  =  K  ’  ,  ’  •  (F  is  said  to  be  essentially  eouival  ent 

to  —  in  symbols,  (K',‘^')  —  if  and  only  if 

n  (Kfi\,h,p)  =  Pi  K  ’  ,h  ,  p)  for  every  h  and  p  for  wh.ich 


P  {K,‘^,h,p),  P  (K  ’  j'U' ,h  ,  p)  are  games. 

Lemma  5,  is  an  eouivalence  relation  for  game  structures, 

Proof;  From  definition  9  and  lemma  4, 

Tlveorem  2,  (K  -  (KJUM  implies  ' 


for  every  i 

ned  to  e  j 

player  by  'll.  must  be  assigned  to  the  corresponding  player  by  'll’. 


Proof;  The  theorem  states  that  the  moves  assigned  to  e  given 


The  theorem  holds  by  assuatption  Cdsfinltion  9)  for  Pn  *  Po*  •  Suppose  ' 

_ 


P^’  for  some  i.  Then  there  is  an  xCP^  such  that  x£?’^,k#fi. 

V/e  may  assume  that  there  are  at  least  two  alternatives  at  x  (other¬ 
wise 

Let  h  be  as  follows: 


X  is  a  trivial  move  ^ind  can  be  eliminated)  .  Let  x€U£'H^  and 


x£V^’  . 


1) 

hj(w) 

as 

0 

for  all 

w 

and  for  all  j+i 

2) 

h^(w) 

- 

0  . 

for  all 

w 

such  that 

Xi^w  and  Xi>^w, 

3) 

.h^(w) 

s 

1 

for  all 

w 

such  that 

X,£.W 

4) 

h^(w) 

•1 

for  all 

w 

such  that 

X2£.W 

th  is  h 

it 

is 

immediately 

clear  that 

we  can  never  have 

(n)>0,  IK  (^)<0  where  strategies 

for  player  k  in  (K  ,'U' )  such  that  {^J}  ^  1  and  /’j^’(V)  =  2, 
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and  both  and  realize  x»  Let  ^  be  any  n-tuple  oT 

stratef^ies  that  realizes  x.  '  )>  0,  Hj('7  0  >  hence 

there  is  no  enuivalence  strater^y  in  P  {KfU,h,p)  corresponding  to 
the  '  in  P  ( I’li.' 1 1"* »  P )  containing  /  • 

Theorem  2  assures  that  there  is  no  loss  of  generality  in 
specializing  to  the  case  P  =  P’.  For  the  next  step,  we  specialize 
even  further,  and  consider  the  case  of  a  fixed  (but  arbitrary)  in¬ 
formation  pattern  ^  for  all  players  but  one,  and  examine  the 

effect  of  varying  .  In  this  uncomplicated  case  it  is  conven¬ 
ient  to  overlook  the  fact  that  we  are  dealing  with  two  different 
game  structures,  and  identify  all  the  components,  except  the  in¬ 
formation  pattern  and  strategies  for  the  player  i.  With  this 
convention  it  becomes  meaningful  to  write,  for  exam  pie  t://?', 
where  ti  is  an  n-tuple  of  strategies  originally  defined  for  (KJU) 
and  is  a  strategy  for  player  i  in  (K',*!!')*  This  convention 

has  the  virtue  that  it  saves  most  of  the  labor  of  trivial  proofs 
of  one-one  correspondences. 


Definition  10a  Let  (K^),  (K/U')  be  two  game  stnuctures  where 
^  pure  strategy  tu  for  player  i  in  (K,*^)  is 
said  to  be  essentially  equivalent  to  a  pure  strategy  '  for 
player  i  in  (K,*]^’)  —  in  symbols  '  —  when  H(ti)  =  H(n/n’^) 

for  every  n  containing  and  every  h  and  p  for  which 

r  (K,-U,h,p)  ,  r(K,U'  ,h,p)  are  games. 

Lemma  6.  Let  and  (K^^’)  be  as  in  definition  10,  Then 

(K,^p  ^  (K  )  if  and  only  if  for  every  pure  stra^tegy  for  player 

i  in  there  is  a  strategy  n^’  for  player—  i  in  (K{^')  such 

that  vice  versa,  ’ 
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Proof:  Sufficiency,  If  f  ^  ^  in  1”*  (Kj'U.jhjp)  then 

in  r (K,^’  ,h,p).  For,  assume  the  contrary,  then  H(n) 


H{n/^. )  for  every  n  containing  *1  .,  but  for  some  7^’  containing 
J  S 

H(n'//^-)  •  Let  n.*  be  the  strategy  of  t  he  i  '  th  player 
«3  J 

in  Tx',  By  hypothesis  there  is  a  such  that  H{ti)  -  H(n/n^') 

for  every  n  containing  n^;  In  particular  =  H(7t'). 

But  by  hypothesis  H(n'/Ti^)  =  H  (n ’/^^ //^^ )  ,  since  ti'  contains  ij 

and  ^  =  /^«  But  also  by  hypothesis  =  H(n  ’ ) 

=  H(rt’/^-).  Whence  H(ti*)  -  which  is  a  contradiction, 

J  J 

Similarly,  =/^  in  T  {K,‘ll,h,p)  implies  ^  in  r’ [K  ^  ,h,p), 

J  J  J  J 

Whence,  the  equivalence  strategies  S.  in  P('K,^,h,p)  for  j+i 
corresDond  one-for-one  with  the  eauivalence  strategies  S.’  in 
/^(K,^'h,p).  We  define  a  correspondence  by  the  rule: 

if  n^6s^  then  n^’£s^’  where  Clearly,  if  s  then 

for  every  ~  ^i*’  correspondence  is  one-one. 

The  enuality  H(s)  =  H(s’)  for  this  set  of  correspondences  follows 
immediately  from  the  definition  of  ^  for  strategies. 

Necessity.  Suppose  that  there  is  a  in  (K,*!!)  such  that 

there  is  no  '  in  (K,^')  for  which  Then  there  is 

some  h  and  p  and  some  n  containing  such  that  H(n)  + 

H(7i/n^').  This  violates  the  assumption  that  ( K  ,'11)'^  ( K  • 

Theorem  3»  Let  (K,*!!.),  (K,^’)  be  two  game  structures  with 

The  following  are  necessary  and  sufficient  conditions 
for  where  is  a  strategy  for  player  i  in  (K^]p  and 

is  a  strategy  for  player  i  in  (K^’)» 

1)  W(7i)  =  W(7i//«^)  for  every  n  containing  n^. 

2)  w(n*)  =  w(ti«/i^^)  for  every  n*  containing  . 
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Proof :  (i)  1)  implies  This  is  immediate,  since 

if  V;(n)  =  then  H(7i)  =  H(n//^)  for  every  n. 

(ii)  implies  2),  Suppose  there  is  some  m*  containing 
Ti^  such  that  w(Tt«) w{n*//>j^)  .  Then  there  is  no  '  *  such  that 

=  w(ti=:'')  I  otherwise,  by  definition  3,  =  ti’I'(x) 

for  every  x£w(n':')  and  hence,  by  definition  3  again  w(^//^^) 

“  =  w(m^=)«  Let  p  be  arbitrary  and  set  h^(w)  =  0  for 

every  w^w(n*),  and  set  h^(w(n*;'))  =1.  Then  H^(n)  >0  for 
some  V.  containing  whereas  H^(n//^^)  =0, 

(iii)  2)  implies  1).  Immediate. 

Definition  11.  A  set  of  positions  B{not  necessarily  an 
information  set)  is  said  to  be  realizable  by  n^,  if  there  is  a 
n*  containing  and  B  intersects  w(n*).  Let  be  an 

information  set  and  B  a  subset  of  U.  B  is  said  to  be  isolated 
in  U  when,  for  every  n^,  if  B  is  realizable  by  n^,  then 
U-B  is  not  realizable  by  n^o 

Lemma  7 •  Let  \J~iy  designate  the  set  of  positions  which  follow 
any  move  in  U  by  choice  of  the  -*/’th  alternative.  B  is  isolated 
in  if  and  only  if  for  every  xeB,  y£U-B,  there  is  a 

such  that  xtV»/,  yeV>^  and 

Proof ;  Sux-ficie  ncy .  Consider  any  n^,  and  assume  realizes 

some  x€.B  and  yEU-B.  By  hypothesis,  there  is  a  such  that 

But  if  realizes  x,  then  n^{V)  -  by  definition 
3,  whereas  if  realizes  y,  then  n^(V)  ='*\t  which  contradicts 

the  definition  of  strategy. 

Necessity  .  Assume  that  for  some  xeB, yEU-B,  for  every 
such  that  xeVvjyfV-)^  then  Let  realize  x  and 
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realize  y.  V/e  construct  ^  ^  that  for  every  such 

that  intersects  v/7^(V)  =  n^(V)  and  for  every  such 

that  Wy  intersects  V,^(V)  =/^^(V).  Then  realizes  both  x 

and  y,  hence  B  is  not  isolated  in  U, 

Definition  12.  a)  Let  (Kf^,  (KJIL')  be  two  game  structures, 
where  is  said  to  be  an  immediate  inflation  of 

when  there  is  a  ’  and  such  that  * 

-bl  and  jUg  are  isolated  in  V. 

b)  is  an  inflation  of  *1^  when  there  is  a  finite  sequence 

-i’ ‘-i^  ’  •  *  *  »Ii^  such  that  'Hi*  “  15ii  ^ 

an  immediate  inflation  of  j  =  1»  2,..,,  1-  1, 

c)  is  completely  inflated  when  there  is  no  such  that 

is  an  inflation  of 

d)  li,  is  a  complete  inflation  of  ’  if  ^  is  an  inflation 

of  *  and  is  completely  inflated, 

e)  ^  is  an  inflation  (complete  inflation)  of  when 

is  an  inflation  (complete  inflation)  of  ’  for  every  i. 

Theorem  4,  Let  (Kf^,  (K^*)  be  two  game  structures  where 
’  ,  and  Ik  is  an  immediate  inflation  of  ’  ,  then 
(K,-Ty  -  (K,*]!’). 

Proof :  Let  sets  required  by  Definition 

12a  •  Let  be  any  strategy  fcr  player  i  in  (K^’)»  Let 

be  the  strategy  in  (K^y  such  that  for  every  V*#'V,  n^(V^  ■  ^j^’(V^ 
and  n^(Uj)  «  ^jL(U2)  “  then  for,  let  n’!'  contain 

n^,  then  w(n*)  *  w(n*/Ti^*)  by  lemma  1,  and  hence  '  Ly 

theorem  3,  Consider  any  in  (K^,  If  does  not  realize 

V,  then  there  is  a  n^',  n^’(U)  -  n^(U)  for  UtV,  and  by  lemma  1 
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t 

n.-Ti?. 

If 

^i 

realizes  V,  then 

,  since 

u, 

and  U2 

are  isolated 

in  V, 

Tl  . 

1 

can 

realize  either 

or  U2, 

but 

not  both 

.  Let  it  re- 

alize 

Ui 

and 

let  Ti^'{U)  *  Ti^(U) 

for  every 

U^V,  and 

Tl^'(U,)  « 

Tii(V)  . 

Sine  e , 

by  lemma  1,  does  not 

realize  U2J 

Whence 

,  the  theorem  follows  by  lemma  6. 

Corollary  4a.  If  (KJ^),  (KJU’)  are  identical  game  structures 
except  that  is  an  inflation  of  ’  for  some  i,  then  (Kj^) 

- 

Proof ;  Theorem  4  and  lemma  5. 

Corollary  4b.  If  (K^)  ,  (K,*^*)  are  game  structures  such 
that  for  every  i  either  or  is  an  inflation  of  ’ 

or  ’  is  an  inflation  of  ,  then  (KJTp  ^  (K,'l[^’)» 

Proof;  By  reoeated  applications  of  corollary  4a. 
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Theorem  5:  If  (K,-]!)  -  (K/U')  where  -U-^^ 
both  ^  and  11’  are  completely  inflated,  then  (Two 

equivalent  completely  inflated  information  patterns  are  identical.) 

Proof:  Let  (Kj'U),  (K,^’)  be  as  in  the  hypothesis,  and 

assume  ^Hi’*  There  is  no  loss  of  generality  in  assuming  that 

there  is  a  '  and  U,  such  that  both  U]  and  U2 

intersect  V.  Consider  any  strategy  in  (K,^’).  n^'  can¬ 

not  realize  both  V  OUi  and  V  <aU2,for  suppose  it  did;  then  there 
is  a  in  (K,*^)  such  that  ^  hence  realizes  both 


U|ioV 

and 

oV.  We 

define  a 

such  tha  t 

for  every  U 

’£^i,  U 

and 

U’  +  U2. 

/\(U’ 

)  =  n^(U’) 

and 

(U2 ) .  Now  • 

realizes  both 

Ui^^V 

and  U2OV 

,  and 

there  is 

no  '  in 

such 

that 

X 

t  c:  /e> 

^i» 

since  there  is 

some  n’* 

containing 

-A 

such  that  w(ti=!‘)€,V^  and  another  containing  such  that 

w(t:*  )fe  v»i  .  Since  and  Ug  are  any  that  intersect  V, 

each  is  isolated  in  V,  which  contradicts  the  assumption  that 
is  completely  inflated. 

Corollary  $a:  An  information  pattern  for  player  i  has 

a  unique  complete  inflation. 

Proof ;  Immediate  from  Theorems  4  and  5. 

Theorem  6:  (K,^  ^  (K,^’)  where  1^%.  only 

if  the  complete  inflation  of  is  idaitical  with  the  complete 

inflation  of 

Proof;  Corollary  5a  assures  that  the  unique  complete  inflations 
of  and  exist.  Sufficiency  follows  from  theorem  4, 

necessity  from  theorem  5. 


P-265 

- 1 6— 


Corollary  6a:  (K,*^)  (K.,*^')  (where  *^0  “1^*)  if  sind 

only  if  the  complete  inflation  of  'Uj  is  identical  v/ith  the 
complete  inflation  of  ’  for  every  j. 

Proof:  Theorem  6  and  corollary^  /fb. 

Ran  ark:  The  rather  tedious  route  whereby  we  arrive  at  Theorem 
6  and  corollary  6a  can  be  bypassed  intuitively  by  the  following 
heuristic  discussion.  Theorem  4,  which  is  not  used  directly  in 
the  proof,  indicates  that  inflation  is  essentially  a  process  of 
adding  to  a  player's  information  at  a  given  move,  some  Ibrther 
knowledge  about  his  own  previous  moves  (where  this  additional 
information  has  no  Implications  for  previous  moves  of  other  players.) 
But  if  a  player  is  proceeding  according  to  a  preformulated  pure 
strategy,  and  has  complete  information  about  the  structure  of  the 
game,  then  at  any  move  where  it  is  his  turn  to  play,  his  strategy 
will  tell  him  what  previous  moves  he  has  made.  Hence,  information 
solely  about  his  own  previous  moves  is  superfluous.  Presumably, 
a  player's  memory  of  a  strategy  v.dll  be  equally  complete  whether 
it  results  from  a  direct  choice  (pure  strategy  in  the  strict  sense) 
or  from  a  prior  selection  of  a  pure  strategy  by  some  chance  device 
(mixed  strategy).  However,  it  is  clear  that  if  the  player  is  using 
behavior  strategies  —  i.e.  mixes  by  some  chance  selection  at  each 
of  his  moves  —  there  is  no  guarantee  that  he  will  remember  all 
previous  selections.  This  is  true  particularly  where  a  player  is 
represented  by  a  team  of  persons,  each  assigned  to  different  infor¬ 
mation  sets.  For  this  reason  —  as  is  readily  verifiable  —  theorem 
6  does  not  hold  for  behavior  strategies. 
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6»  Deflation 

So  far  our  emphasis  has  bten  or  t*,e  inflation  of  information 

patterns*  However,  fro*  the  point  of  —  i.eay 

'  '**  ’•■^2  ■  _ 

'‘If 

from  the  point  of  view  of  aim^ifying  games  —  inflation  is  not 

as  interesting  as  its  converse,  deflation. 

To  illustrate  the  order  of  reduction  in  size  of  pay-off 

matrices  by  deflation,  in  tic-tac-toe  the  first  player  has 

roughly  pure  strategies  (if  we  ignore  the  effect  of 

the  stop-rule  and  assume  that  each  play  of  the  game  results  in 

completely  filling  the  open  souares.)  In  essentially  reduced 

1  27 

form,  the  first  player  has  only  10  pure  strategies.  Althou^i 

this  second  figure  is  still  ridiculously  large,  it  is  clear  that 
a  tremendous  reduction  in  size  of  the  game  is  achieved.  The 
pleasant  feature  is  that  this  reduction  can  be  carried  out  by 
operations  directly  on  the  game  structure,  without  first  construct 
ing  a  cosmic  sized  matrix  and  then  eliminating  duplications. 
Unfortunately,  we  cannot  assert  that  every  information 
pattern  has  a  unique  complete  deflation.  Consider  the  game 
illustrated  below.  The  ellipses  represent  information  sets  for 
the  indicated  players, 

abode  fgh  . 

Vp.  Vp.  Vi=Vp. 
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Both  and  •TX,  are  completely  deflated.  It  is  easy  to  verify 

that  in  this  case  there  remains  a  certain  amount  of  redundancy  in 
the  infomation  pattern,  in  the  sense  that  in  both  I"* '  and  P’’' 
there  are  two  or  more  strategies  that  are  essentially  equivalent. 

B .  Essentially  Determinate  Games 

In  the  proceeding  sections  we  v/ere  guided  by  a  more  or  less 
intuitive  notion  of  eouivalence,  based  on  the  presumption  that  the 
normal  form  of  a  game  completely  exhausts  the  strategic  possibilities. 
It  would  be  desirable  to  base  our  investigations  on  a  set  of  rules 
for  playing  a  game  in  a  rational  fashion.  Unfortunately  at  present 
the  rules  for  rational  play  can  be  considered  as  being  in  a  satis¬ 
factory  state  only  for  one-person  and  two-person  zero-sum  games. 

There  is,  however,  a  form  of  weak  solution  for  general  games  that 
has  been  suggested  by  Nash  (  3  )  which  at  least  can  be  used  for 

exploring  some  of  the  properties  of  information  patterns,  and  which, 
in  the  zero-sum  two-person  case  reduces  to  the  accepted  raini-max 
rule.  This  is  the  notion  of  equilibrium  point.  Since  we  have  de¬ 
fined  only  pure  strategies  above,  we  limit  ourselves  to  equilib¬ 
rium  points  in  pure  strategies. 

Definition  13  :  A  pure  strategy  n- tuple  n  is  an  equilibrl»»» 
point  if  and  only  if  for  every  i  and  every 

Definition  IX :  (Kfl^  is  said  to  be  essentially  detenninate 
if  r(K,'U,h,p)  has  an  equilibrium  point  in  pure  strategies  for 
every  h  and  p  for  which  !~'(K^,h,p)  is  a  game. 

Lemma  B,  If  (K^  then  (K,'y  is  essentially 

determinate  if  and  only  if  (K^U’)  is  essentially  determinate, 
o  Proof •  Immediate  from  the  definitions  of  and  essentially 


determinate 
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Kuhn  has  shovm  (  1  )  that  a  sufficient  condition  for  a  game 

structure  (Kj'U.)  to  be  essentially  determinate  is  that 
have  perfect  information.  ’ 

Definition  15:  (K/U)  is  said  to  have  perfect  information 

if  every  information  set  U  is  a  unit  set. 

It  is  clear  that  no  essential  modification  results  if  we 
restrict  the  information  sets  in  definition  1 5  to  personal  in¬ 
formation  sets. 

It  is  easy  to  find  examples  of  games  which  are  essentially 
determinate  and  which  do  not  have  perfect  information.  In  fact, 
any  one-person  game  is  essentially  determinate  irrespective  of  the 
nature  of  the  information  pattern  (see  lemma  10  below).  Hence, 
perfect  information  is  not  a  necessary  condition  for  essential 
determinateness. 


Let  U<V  mean  there  is  a  play  w  which  intersects  both  U 
and  V  and  the  intersection  of  U  and  w  preceeds  the  intersec¬ 
tion  of  V  and  w,  We  shall  also  use  the  notation  occasionally 


x<ll ,  which  means  there  is  a  play  w  containing  x  that  intersects 

U.  and  X  preceedes  the  intersection  of  tJ  and«  w* 

'  Definition  16:  1«  8*14  to  have  effectiyim  perfect 

Information  when,  for  every  pair  of  personal  information  sets  U,  V 

V.  such  that  U<V  then  for  some  ^  . 

JbL  tL 


1 

Strictly  speaking,  he  proved  something  slightly  different 
from  this;  but  the  step  to  showing  essential  determinateness  is 
trivial,  amounting,  in  fact,  only  to  pointing  out  that  both  h 
and  p  can  be  chosen  arbitrarily. 
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Note  that  the  definition  says  nothing  about  the  relation  of 
information  sets  of  the  same  player,  nor  about  the  relation  of 
personal  information  sets  to  chance  moves.  In  intuitive  language, 
a  player  is  said  to  have  effectively  perfect  information  if,  at  any 
move  where  it  is  his  "turn”  he  "remembers”  every  previous  move  of 
each  of  his  personal  opponents  and  knows  at  least  as  much  as  the 
opponents  knew  \dien  they  made  those  moves. 

Lemma  9:  Every  one-person  game  has  effectively  complete 
recall. 

Proof :  Immediate  from  the  definition. 

Lemma  10:  Every  one-person  game  is  essentially  determinate. 

Proof ;  Since  H(n)  {«  Hj^(n^))  is  a  fbnction  of  only  one 
variable  over  a  finite  domain,  it  admits  a  simple  maximum. 

We  first  show  that  a  game  with  effectively  perfect  information 
can  be  decomposed  into  a  directed  set  of  subgames  (ordered  by 
inclusion),  each  of  which  can  be  examined  for  equilibrium  points 
independently  of  all  succeeding  subgames.  The  notion  of  subgame 
involved  is  somewhat  wider  than  the  direct  application  of  defin¬ 
ition  1 , 

Definition  17:  Let  B  be  a  set  of  positions  (not  necessarily 

an  information  set)  and  D(B)  the  set  of  all  positions  that  follow 

any  position  in  B,  i.e.  D(B)  =  £yl  there  is  an  x£B  and  y£,D(x)}. 

Analogously,  D(-*/,B)  is  the  set  of  positions  that  follow  B  via 

the  Vth  alternative,  i.e,  D(->',B)  ■  ^yl  there  is  an  x£B  and 

y£D(-3/,xj}  ,  We  will  write  x<U  to  mean  x<U  or  x£U.  By  the 

greatest  lower  bound  (g.l.b.)  of  B  is  meant  the  x  of  highest 

rank  that  is  contained  in  every  w  that  intersects  B,  V<B  means 
V<3  or  V  intersects  B. 
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A,  A  set  of  positions  3  is  said  to  define  a  subganie 


B  when ; 

1)  For  every  personal  information  set  V<3,  BCV-^  for 
some  -%/  • 

2)  For  every  personal  information  set  V>B,  VCD(B)uB, 

B.  A  pure  strategy  for  a  player  i  in  H g  is  a  function, 
that  maps  every  V>^»  onto  an  integer  :#'<m(V).  .Ve 

shall  also  use  the  expression  to  designate  the  strategy 

^i  limited  to  Pg  (i.e,  is  the  strategy  for  player  i  in 

Pg  such  that  ^®(V)  -  nj^(V),  V>B, 


cl  W(n^)  -  and  for  every  i>erildMl.*6vi. 

y  >  B,  y  t  w  implies  y^e^  where 

D,  Let  p{B)  -  XU  P(y)«  For  3^B,  Pg(x)  * 


I.- 


E.  H(n“) 


w£Vif(n®) 


PQ(w)h(w) 


A  rough  justification  for  calling  Pg  a  subgarie  is  the 
following  (a  more  precise  justification  is  found  in  lemmas  11-13 
below):  Definition  1?  A2  states  that  B  isolates  a  certain  portion 

of  K,  namely  BUD(B);  no  personal  information  set  overlaps  BUD(B) 
and  the  rest  of  K.  1?  A1  assures  that  one  and  only  one  set  of 
choices  on  all  personal  information  sets  V<B  will  realize  a 
position  in  BUD(B) .  Thus,  given  a  n  which  realizes  B,  the 
selection  of  a  strategy  within  can  be  made  independm tly  of 

the  remaining  part  of  P,  Note  that  {o}  defines  a  subgarae 
P  j  ,  namely,  P  itself. 
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The  significant  elements  for  a  subgame  namely  strategies 

and  expected  pay-off,  are  defined  in  a  manner  quite  analogous  to 
those  for  a  complete  game,  with  g.l.b.  B  replacing  0®  We  can¬ 
not,  however,  simply  define  a  subtree,  say  Kg,  which  begins  at 
g.l.b,  B  and  let  Kg  with  its  information  pattern  define  a 
subgame  structure,  since  in  the  first  place,  there  may  be  many 
personal  infonnation  sets  between  g.l.b.  B  and  B  which  overlap 
Kg  and  the  rest  of  K,  and  secondly,  Kg  may  be  much  more  exten¬ 
sive  than  the  part  of  K  which  is  isolated  from  B  onward. 

Lemma  11:  If  B  defines  a  subgame,  then  for  x,yeB,  g.l.b, 
{x,y}  is  a  chance  move,  or  B  is  a  unit  set. 

Proof :  Suppose  B  is  not  a  uqit  set  and  x,yfeB.  Then 
g.l.b.  fx,y}f  B.  But  g.l.b.  {xjy}-  cannot  belong  to  a  personal 
information  set  by  definition  17  A1,  Whence  g.l.b,  is  a 

chance  move. 

Lemma  1 2 ;  If  B  defines  a  subgame  Q,  then  for  every  n 
that  realizes  B,  H(ti)  -  p(B)  H(n®)  +  T(n)  where  T(n)  is  inde¬ 
pendent  of  n®*  K 

Proof:  If  n  realizes  B,  then  W(n®)  «  'W(n)nD(B) . Thup 

H(n)  »  >  p(w)h(w)  +  T(n)  where 

w€W(n®) 

7(71)  ■  ^  p(w)h(w)  j  whence 

wtV/(n)-W(n®) 

H(ti)  -  p(B)  >  ~  Pn(v/)h(w)  ♦  T(n) 

we,W(n®) 

-  p(B)  H  (n®)  +  T(n) 
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If  w£'.V(n)  -  ’V(7i®)  ,  then  w  does  not  intersect  B,  and 
hence,  by  definition  17  A2,  does  not  intersect  any  personal  V>B. 
Whence,  if  n  and  are  identical  for  all  personal  V>B, 

T(n)-  -  T(/»)..  ^ 

Lemma  13:  n  is  an  eq[uilibrium  point  for  P  if  and  only 

if  n  is  an  equilibrium  point  for  every  fg  which  is  a  sub- 
game  of  P  and  for  which  K(n)  intersects  B, 

Proof:  Sufficiency  is  immediate  since  P  is  a  subgarae  of 


.  1 


itself.  Necessity.  If  n 


B 


there  is  an  i  and  a 


su 


is  not  an  equilibrium  point  of 
B|^B\  /_3i 


ch  that  Let 

be  identical  with  except  in  f^,  where  it  is  identical 

with 

an  equilibrium  point  in  P, 


Then  by  lemma  12  >  Hj  (n)  ,  and  n  is  not 


>  Definition  If  U  and  V  are  personal  infojfl^ 

sets,  U  is  said  to  be  connected  with  V  when  there  is 
a  sequence  of  personal  information  sets  U’ ,  ,,,  , 

a 


Ui  ,  V 
ri 


U- 


and  for  each  i  there  is  a  w 


and  U 


i-^1 


and  4:  dp  U 


,i+1 


such  that  U 
that  intersects 
for  any 

Lemma  14:  Connected  is  an  equivalence  relation. 


'4 


Proof: 

a) 

Transitivity. 

If  u 

is  connected  with  V 

and 

V 

is 

connected  with  V’  , 

then 

there  is  a  sequence 

up 

up 

•  •  • 

connecting  U 

and 

V  and  another  sequence 

VP 

vp 

•  •  • 

connecting  V 

and 

V’ .  The  sequence 

up 

up 

•  •  • 

V2 

1  V  9  •••  1  V 

is  a 

sequence  of  the  required 

sort  connecting  U  and  V’. 

b)  Symmetry,  Immediate  from  the  definitiono 

c)  Reflexivity,  Immediate, 
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Definltlon  19:  Denote  the  set  of  equivalence  classes 
of  information  sets  under  connected  by  =  |C|  ,  Cg  ^  • 

Let  ^  C  =  {xl  there  is  a  U6C  and  x£,u3  »  then 

B(G)  »  {xjxeZI  G  and  there  is  no  y&ZIC,  yKxJ  i.e.,  B(C) 

consists  of  the  minimal  points  of  ^G. 

Lemma  1 5 :  If  then  B(C)  defines  a  subgame. 

Proof;  (1)  Let  U  be  any  personal  information  set, 

U>  B(C),  i.e,,  there  is  some  w  that  intersects  U  and  B(G). 
Let  w  intersect  B(G)  in  V.  If  U  <4=  for  some  , 
then  U£G,  and  hence  every  w  that  intersects  U  intersects 
B(G).  If  UdV^  for  some  then  again  every  w  that 
intersect's  U  intersei^ts  r  _ . 

■T  "  ■■■ 

(2)  Let  U  be  any  personal  inform*tj|.on  set,  U<  r< 

U^C ,  since  B(C)  is  minimal.  There  is  a  w  that  intersects 

• 

U  and  intersects  B{C)  in  say  x£VfeC ,  hence  for  some 

':g/  ,  otherwise  U£G.  Let  V’  be  any  other  information  set  in  C. 
By  definition  V  and  V*  are  connected  by  a  sequence 
V’ ,  V2,  ...  ,  V  -  V’ ,  V»  «  V^.  We  have  shown  that  V'CU^ 

for  some  :>/  .  Assume  that  V'^Uy.  There  is  a  Wq  that  intersects 
and  and  every  w  that  intersects  intersects  U;  . hence, 

Wq  intersects  U  and  .  Now  for  any  ,  since 

U<  B(C);  whence  if  for  some  ,  U£C.  Thus 

for  some  ,  and  since ,  by  assumption,  Wq  follows  the 

’th  alternative  at  U.  Therefore  there  is  a  such  that  for 


mrx  vec ,  ^ 

Definition  20: 


At- f  ortiori  I, 

An  i|||iivalen^e  class 


is  oaid  to 


cover  an  equivalence  class  G*  when  B(C)<B(GM  and  there 
is  no  C"  such  that  B(C)<B(C" )<B(C » ) . 


Lemma  l6t  If  C  covers 
U>B(C) ,  and  for  every  Vf C ,  if 

V  »nd  B(CM,  B(C')C.V^  for 
Proof;  Lemma  15« 


C’,  then  for  every  UtC* , 
there  is  a  w  that  intersects 


Lemma  l6  says  in  effect  that  if  an  equivalence  class  C 
proceeds  another  equivalence  class  C',  then  B{C’)  defines 
a  subgame  of  (^(c). 


Lemma  17;  Two  different  equivalence  classes  cannot  cover 
the  same  equivalence  class. 

Proof:  Suppose  C  and  C  both  cover  G”.  By  lemma  16 
every  w  that  intersects  B(C*’)  intersects  both  B(C*)  and 
B(C  ).  Since  B(C)  and  B(C’)  are  not  identical,  we  must 
have  either  B(C)  <  B(C')  or  B(C’)  <  B(C).  In  which  case 
either  C  or  C*  does  not  cover  C". 

If  the  first  position  0  of  (K,  'll)  is  a  personal  move, 
the  C  containing  0  defines  the  entire  game  If  OCPq, 

it  is  possible  that  no  C  determines  the  entire  game.  In  this 
case  it  is  convenient  to  extend  the  definition  of  (?  so  that 
In  either  case,  we  designate  the  C  containing  0 

by  Cq. 

Theorem  6;  ^  is  a  tree  under  the  relation  covers  with 

a  distinguished  vertex,  Cq. 

Proof ;  Let  >—  denote  the  proper  ancestral  of  covers, 
i.e.,  C>—C’  if  and  only  if  there  is  a  sequence  C|  ,  Cg,  ...  , 
si^di  that  C  ■  C|,  C’  -  C  and  C.  covers  >—  is 

trmtimitirm  by  d^f±nlt±on  toad  OyaHttrleiil  by  th« 
of  the  ordering  relation  on  K.  Co>-  C  for  every  C+Cq. 
Finally,  if  C,>“  C,  C2>-  C,  then  either  C,  >-  Cg  or  Cg>-  C, 
by  lemma  17o 
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Lenima  18:  If  (K,  np)  has  effectively  perfect  information 
and  C£<!2  then  CCL"^  for  some  i. 

Proof :  Let  V^C,  be  any  information  set  in  C. 

Consider  any  Uf  C ,  U  is  connected  with  V  by  a  sequence 

U’,  U2,  ...  ,  U^.  But  if  ui'Uj,  then  since,  by 

assumption,  if  then  either  . 

or  ,  and  C. 

Lemma  18  shows  that  in  the  tree  <2  ,  the  transition  firm 
a  set  of  subgames  to  a  covering  subgame  involves  only  one  player. 

Theorem  7 :  A  necessary  and  sufficient  condition  that 
(K,*^  be  essentially  determinate  is  that  the  complete  in¬ 
flation  of  (K,  have  effectively  perfect  information. 

Proof ;  Sufficiency,  The  restriction  to  the  complete 
inflation  of  (K,'!!)  is  required  only  for  necessity.  Hence, 
assume  that  (K,*^  has  effectively  perfect  information.  We  show 
^sufficiency  by  exhibiting,  for  any  ii  and  Pi  Si  strai 
n- tuple  n  which  is  an  equilibrium  By  a 

t  -iv 

we  mean  one  for  which  there  is  no  C*  such  that  0  8*0*, 

It  is  clear  that  a  minimal  C  defines  a  one-person  subgarae. 

To  simplify  notation,  rather  than  writing  (^(C) 
we  will  write  and  n*^, 

•C  c 

(1)  For  each  minimal  C,7i  (*  where  CCl'Tlj)  is 

so  chosen  that  •• 

Hi(n^)  > 

(2)  For  any  C,  n^(V)  -  n^’(V)  for  V&C',  C  C  ’ , 

n  (U) ,  U£C,  is  chosen  so  that 
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where  /^^(V)  =  n^*(V)  for  V£C  ’  ,  C  t-  C  ’  . 

To  show  that  any  n  constructed  according  to  the  above  re¬ 
cursive  rule  is  an  equilibriiim  point,  let  be  any  strategy 

for  player  i,  and  let  be  a  sequence  of 

strategies  for  player  i  constructed  as  follows:  (a) 

(b)  is  identical  with  except  for  the  C  —  which 

we  shall  call  Cj  —  of  highest  rank  which  intersects  K(n/^^) 

and  for  which  for  some  >^ote  that 

(In  case  there  are  two  or  more  C  of  equal  rank  of  the  specified 

kind,  let  Cj  be  any  one  of  these.)  (c)  For  V>B(Cj)  ,  ( V) . 

Now  by  lemma  12  and  the  definition  of  n 

Ki(n/ 

Since  there  are  only  a  finite  number  of  C’s  which  intersect 
K(n/^i)  and  the  step  from  to  requires  a  reduction 

in  rank  (or  at  most  a  finite  number  of  steps  before  a  reduction 
in  rank)  ,  the  sequence  must  conclude  v^ith  a  such  that 

K(n//«'^)  “  K(W)  ,  whence  H^(u//<^'^)  »  H^(n)  and  therefore 
H^di)  >  H^(Tr//<^)  . 

Necessity;  Assume  that  (K,^’)»  the  complete  inflation 
of  (K,*^  does  not  have  effectively  perfect  information.  Let 

be  the  personal  position  of  lowest  rank  for  which  there  is 
z€D(x)  ,  zfcVe^ ,  i  +  j,  for  any  (if  there  are  several 

positions  of  the  same  minimal  rank  with  this  property,  let  Xq  be  a 
any  one  of  these  );  and  let  K  +  i,  be  the  position  of 

lowest  rank  in  D(xo)  such  that  V  for  any  Since 


xtD{y^  Xq)  for  some  ,  there  is  a  yfcV  such  that  yi  D(>^,  Xq) 
For  simplicity  we  relabel  the  persons  and  alternatives  so  that 
UCP| ,  *  xftD ( 1 ,  Xq ) .  We  distinguish  three  principal  cases: 

Case  I.  Xq  =  g.l.b.  {x.y}  . 

Let  W  =  D{x)  y  D(y)  and  let  m  -  max  [r(x, ) ,  r(y,)]. 

Define  h(w)  as  follows where  z  is  the  highest  ranking 

intersection  of  w  with  w  or  w  : 

—  —X  — y 

(a)  w  4  W 

1.  2  Po:  h^{  w)  =  0  for  every  i, 

2.  z  ^  Pq,  z<  |kc^:  h^(w)  =  for  every  i  . 

3.  2  i  Po,  z  >  fccj:  h^(w)  ■=  for  every  i  +  1, 

h,  (w)  «  p|z)  z  4- Pt  otherwise  h,  (w)  «  • 


( b )  wfe  W , 


1.  i  +  1.  i  +  2:  h^(w)  . 

2.  i*1  or  i*=2; 


weD ( X, ) 
w6D (x^) 

w€D(y| ) 


h,(w) 

hg  (w) 

m 

m+l 

plx) 

m+1 

m 

TUn 

pTxT 

m 
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With  h  as  defined,  no  n  is  an  equilibrium  point. 
There  are  two  possibilities: 

A.  K(n)n¥  ■=  0. 

Let  be  the  highest  ranking  intersection  of 

K(7i)  with  w^  or  w^;  and  let  be  identical 

(U)  .or 


M'- 


with  exottpt  t 


0. 


1 


Wy.  Th«n  r(z)  * 

K(n)^  +  0. 

The  pay-off  to  any  player  is  independent  of  choices 
made  above  V;  hence  there  are  essentially  four  cases, 
depending  on  71,(0)  and  Tt2(V);  these  are  summed  up 
in  the  matrices 


H,(71) 


02  (n) 


N^(V) 

1 

2 

Til  UJX 

1 

2 

1 

m 

ra+1 

1 

m+1 

m 

2 

ra+1 

m 

2 

m 

m+1 

For  any  pair  of  choices  ti,  (U),  TiglV),  there  is  a  choice 
by  one  of  the  players  that  increases  his  pay-off« 


m 


Case  II.  Xq  ^  g.l.b.  ^  intersects  w^. 

e.i.b.  {x..)e  Pq,  otherwise  Xq  would  not  be  the  minimal 
position  for  which  effectively  perfect  infonnation  later  fails. 

Let  yo^-U  be  the  lowest  ranking  position  in  w^.  such  that  U 
intersects  w^  and  V  U  fo-r  any  Because  of  the  minimality 

condition  on  V,  .  Let  W,  z,  and  ra  be  as  in  Case  I,  and 

set  t  *=  r(xo)  -  r(yo).  Define  h(w)  as  in  Case  I  for  (a)  1,2 
and  (b)  1.  I  . 

'  ,  ■»  .  ..  i  'X  'JzV'  ■  i  t'  ■ 

(a)3.  z^  fo.  2  >{x^^  b^(w)  -  for  «v«ry  i  v 


zeWyt  h, (w) 


2m+1-.t 


h,  (w) 


HH  -F. 


for  z  ^  Pi 


(b)2. 


h,  (w) 


hi{w) 


W£D(Xi ) 


2m 

TT^ 


2m+1 

p{x) 


weD(x2) 


2m-»-1~t 

p{x) 


2m 


weD(y, ) 


2ra+1-t 


£D 
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The  proof  th at  no  n  is  an  eouilibrium  point  proceeds  as 
ir  Case  I  except  that  a  more  complicated  set  of  subcases  must 
be  examined, 

A.  K(Ti)nW  *  ©.  Let  "z  be  as  in  Case  lA, 

1  .  z  <  g.l.b.  :  Argument  as  in  Case  lA. 

2.  z>g.l.b.  •  Let  and  z^  be 

the  highest  ranking  intersections  of  K(n)  with 
w„  and  w  respectively.  There  are  two  sub- 

—X  ■  — y 

sub-cases. 

(i)  Either  U^*^z^  or  :  Assume  U^«i;z^. 

Let  and  let  be  identical  with 

except  that  /<^(U^)  ■  ■).>  where  z^£  , 

Then 

>  r(zj)  +  r(zy)  >  r(z^)  +  r(z^)  *  Hj^(n) 

a  similar  argument  holds  In  case  • 

(ii)  <  z^  and  <  z^.  In  this  case  both 

U^,  ^  ,  otherwise  the  minimality  conditions 

on  U  and  V  are  violated.  Let  be  identical 

f 

with  n|  except  that  for  every  U£  *V^  , 

X  >  U  >  z^,  ■  :#/  where  x£D(i^,U),  Then 

)  >  2m+r(yo)  >  r{z^)  +  r(z^)  =  H,(n) 

The  central  inequality  holds  since  r(z^)  -  r(yo)  <  m 
and  r(z^)  <  m, 

B.  K(n)n^  +  e 

At  most  one  of  x  and  y  is  in  K(n),  Let  oc  denote  the 

K(n)  and  /5  denote  the  other.  Then  oCq 


one  that  is  in 


4 


denot  es 
highest 


2. 


i-295 

-33- 


/3  ^ 

Xq  or  Yo  respectively,  and  z  <£  U  6. 
ranking  intersection  of  K(n)  with  . 

,  Let  Wq  renresent  any  w€K(ti)/i'j’  . 


denotes  the 
Mote  that 


does  not  intersect  because  of  the 

minimality  condition  on  ot^  , 

except  that  ;  '^-3/ where 


Let  be  identical  with 


V/ 


Then 


>  p(oL)h^(wo)  +  r(z^)  >  p(oi')h^(wo)  +  t{z^)-  = 


There  are  four  possibilities,  depending  an  the  choices 
at  I' ,  U ,  and  V.  The  apparent  eight  resulting  from 
two  choices  at  each  of  three  information  sets  is  re¬ 
duced  by  the  fact  that  either  U  =  IJ  or  else  four  of 
the  possibilities  give  K(n)nw’  =  ©  and  are  treated  above. 
Label  the  choices  at  U  so  that  x€.")(1,U),  y6D(2,_U). 
u,  u€-^;  because  of  the  minimality  condition  on  V,  ' 
therefore  the  choices  at  U,  V  are  completely  under 
the  control  of  player  1  and  we  have  the  sub-matrices 


K,  (n) 


t 


n(U)  n(U) 


1 

1 

2in+1  +  r(yo ) 

2m+r(yo) 

2 

2 

2m+r(xo) 

2m+1 +r (xq) 

For  any  one  of  the  four  possibilities,  one  of  the  players 
can  choose  a  strategy  which  will  increase  his  pay-off. 

Note  that  no  essential  modification  is  needed  in  the 
proceeding  proof  if  we  relax  the  minimality  condition  on  Xq, 
requiring  merely  that  it  is  the  lowest  ranking  position  for 
which  effectively  perfect  information  later  fails  and  belongs 
to  an  information  set  which  intersects  both  w  and  w  . 

—X  — y 

Case  III.  Xq  +  g.l.b.  *  U  does  not  intersect  w^.. 

There  is  no  loss  of  generality  in  assuming  that  for  every 

,y|  C.  for  some 
-p  .  This  assumption  is  justified  by  the  following: 

1,  There  is  a  zfcV  -  D(U),  such  that  for  every  .u4Vf 

that  intersects  w^  and  Wy,  |x,z|.ci  for  some  ^  , 

For  assume  that  for  every  z’tV,  z*  ^  D(U),  there  is  a 
Ut'Uo,  fx,z|  for  any  .  By  the  minimality 


U  ,  if  U  intersects 


w 

~y 


and 


2ix» 


then 
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condition  on  XjU  <  Xq  ,  V/hence,  by  the  minimality 
condition  on  Xq  ,  UCLlJ^  for  some  ,  and  hence 

D(U)C  for  some  .  But  then,  for  every 
z"£D(U)o  V,  and  every  z*£  V-D(U)  ,  there  is  a 
U£  ^  such  that  ,  z'  £  ^  •  Thus  , 

by  Lemma  7  D(U)/oV  is  isolated  in  V,  contrary  to 
the  hypothesis  that  'll.'  is  completely  inflated.  We 
can  take  the  z  thus  proved  to  exist  to  be  y, 

2.  There  is  no  U  ^  ^  such  that  U  intersects 

—X  — y  any  by  the 

minimality  conditions  on  Xq  and  x. 

3.  There  is  no  U£^i ,  U  <  Xq  such  that  U  intersects 

and  Wy  and  {^Xjy^  cj::  for  any  ax,  by  the  mini¬ 

mality  condition  on  Xq. 

4.  If  there  is  a  U  U  >  Xq  and  U  intersects  w  ,  w 

<—  —X  — .y 

•^x,yj.  ct  ,  then  we  have  essentially  Case  II  as 

noted  at  the  end  of  the  proof  for  that  section. 

Let  m  and  z  be  as  in  the  previous  cases.  Let  W  *  WuD(2 


Define  ar 

i  h  as 

fo  Hows 

(a) 

w  i  ';J 

1 . 

z&  Pq: 

h^(w)  « 

0  for 

every 

i 

2. 

2  i  *Poi 

z  >{x<^: 

hj^(w) 

11 

3. 

z  ^  Po. 

N 

V 

hj^(w) 

-  r(z) 
p(zj 

for 

1  +  1 

hj^(w) 

‘ffh 

for 

z  ^  P, 

hj(w) 

■M 

for 

ze  P| 

t  ^0  )  • 


P-265 

-37- 


and  for  any  pair  of  choices,  there  is  another  choice  open 
to  one  of  the  players  which  increases  his  payoff. 


mhb 


f 
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